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In this paper two design techniques, based on mathematical programming, for the synthesis of mass exchange networks 
(MENs) are compared. Problems not generally dealt with in literature, and associated with these techniques, are 
highlighted. A method is presented for generating several feasible initial solutions to avoid accepting poor local solutions 
as final designs. Methods of handling the discontinuity of the Kremser equation used for determination of the number of 
stages are also discussed. In addition, a method of generating MINLP (mixed integer non-linear programming) solutions 
that feature integer stage-numbers is also presented. It is shown that insight-based superstructures assuming vertical mass 
transfer may fail to include the optimal structure of the MEN. An MINLP based design technique is selected for the 
solution of several MEN synthesis example problems. Our MINLP solutions are compared to the advanced pinch 
solutions taken from literature. Both simple and advanced capital costing functions are used for the estimation of the total 
annual cost (TAC) of the MENs. 
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Introduction 

Mass exchange networks (MENs) are systems of 
interconnected direct-contact mass-transfer units that 
use process lean streams or external mass separating 
agents to selectively remove certain components (often 
pollutants) from rich process streams. 

The notion of mass exchange network synthesis 
(MENS) and a pinch-based solution methodology for 
the problem were presented ftrst by El-Halwagi and 
Manousiouthakis [1,2,3]. Subsequently, Papalexandri et 
al. presented a mixed integer non-linear programming 
(MINLP) design technique for MENS [4]. Later, Hallale 
and Fraser extended the pinch design method by setting 
up capital cost targets ahead of any design [5,6,7]. 
Recently, Comeaux [8] presented an optimisation based 
design methodology where the notion of vertical mass 
transfer is used to develop a superstructure optimised by 
non-linear programming (NLP). Using optimisation­
based techniques, capital and variable costs of the 
network can be optimised simultaneously even in cases 
of large and multi-component design problems. 

Our objective is to compare the design methods 
above. MENS problems taken from literature wiU be 
solved. MENs got by the different methods will be 
evaluated against each other, and the design methods 

will be rated based on the properties of the resulting 
networks. 

In the first part of the paper the NLP design method 
of Comeaux is compared to the MINLP method of 
Papalexandri. After dealing with practical problems of 
the mathematical programming methods, the last part of 
this paper presents MINLP solutions for thirteen 
example problems solved with pinch methodology by 
Hallale [7]. 

Comparison of two optimisatioB-based teclmiques 

The optimisation (mathematical programming) -b~ 
approach of design or synthesis consists of three maJor 
steps. The first step is the development of a 
superstructure (a representation of alternatives of ~hich 
the optimum solution is selected). The second ~tep ts U:e 
formulation of a mathematical program. The thtrd one 1s 
the solution of the optimisation model. The values of the 
model variables in the optimal solution define the 
structure of the desired mass exchange network. and its 
optimal operating parameters simultaneously, General 
reviews of the area are given by {9,10,! 1]. The major 
achievement of the mathematical programming 
approach is that it replaces the multi-step iterative pinch 
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Table 1 Total annual costs of the different solutions of 
Hallale' s example problem 5.1 

Solution method 
Simple capital Advanced capital 

costing costing 

Advanced pinch *320,000 USD/yr. 
method of Hallale *228,000 USD/yr. 

and Fraser 
(target) 

NLP method of 
Comeaux *332,000 USD/yr. 249,150 USD/yr. 

MINLP method of 221,357 USD/yr. 
Papalexandri 306,108 USD/yr. 

*Original solutions of the referred authors are marked by an 
asterisk 

design method, and enables the design of 
multicomponent MENs as well. On the other hand, 
depending on the mathematical formulation, 
optimisation models cannot always be solved for global 
optimality [12]. 

In tl).is section the MINLP method of Papalexandri 
[41 and the insight-based NLP solution of Comeaux [8] 
are compared. Both methods are mathematical 
programming based but differ in the way the 
superstructure is generated, and in the general 
classification of the mathematical programming model. 

The superstructure of Papalexandri [4] contains all 
the imaginable matches (stream pairings) and bypasses, 
without considering whether a certain match is 
thermodinamically feasible or not. Then the 
su~rstru~ture is formulated as an MINLP problem, in 
whrch bmary variables denote the existence of the 
matche~. This method is simple in" the sense that during 
the design process no preliminary knowledge about the 
network is needed. On the other hand, the resulting 
MINLP model may be superfluously large and hence 
difficult to solve. Commercially available MINLP 
solvers [13,14,15] may fail finding the global optimum 
of !he problem. 
• Because of the mathematical difficulties, many 
efforts were made to combine thermodinamical insights 
and mathematical programming [8,16]. One of these 
attempts is the method of Comeaux [8}. Using stream 
data and the principle of vertical mass transfer an 
insight based superstructure is generated, which 
contains thermodinamically feasible matches only. 
Having cutted out many of the matches, the resulting 
superstructure and the corresponding mathematical 
program is much smaller, compared to that of 
Papa1exandri. Comeaux's further simplification is 
omitting binary variables. He formulates MENS as pt~:e 
NLP problems. Mass exchangers exchaging only a 
small amount of mass in the solution are regarded as 
non--existing ones. The pure NLP formulation (called 
the "cover and eliminate method" in another way) is one 
?f the oldest ~ptimisation based design concepts. Still, 
m may ca_ses tt can successfully be used, for example 
when solvmg wastewater treatment problems [ 17]. 

For the sake of a parctical comparison the MENS 
example problem S.l ofHallale (11 is solved using both 
of the methods outlined above. Since the selection of the 
objective function is a crutial point of the mathematical 
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Total annual cost; 
Operating cost: 

0.01473 

249,150USD 
173,400USD 

Fig.l Insight-based NLP solution for Hallale's example 
problem 5 .1. Comeaux's method is used. The capital cost of 

the network is calculated by Hallale's advanced capital costing 
method 

programming method, two different methods were used 
for calculating the total annual costs (TACs) of the 
networks. The two costing procedures differ in the way 
the capital costs are calculated. At first, a simple capital 
costing procedure is applied, where it is assumed that 
the capital cost of an exchanger (in USD/yr) can be 
calculated by multiplying its theoretical number of 
stages by 4552 (see Papalexandri et al., [4]). Secondly, 
the advanced, exchanger volume-based capital costing 
of Hallale and Fraser [5,6,7] is used. The latter one 
gives more realistic estimates for the capital and hence 
for the total annual costs. 

Total annual costs (T A C) of the designed MENs can 
be found in Table 1. As a basis for further comparison, 
in Table 1 TACs of the supertargeted pinch solutions of 
Hallale [7} are shown as well. 

Throughout this paper, optimisation problems are 
solved using the GAMS program package [13,14]. 
CONOPT -1 was used to solve the NLP models and 
DICOPT++ (running OSLand CONOPT-1) was used 
for the MINLP solutions. ' 

The network obtained by the insight based NLP 
method using advanced capital costing is presented in 
Fig.J. Our MINLP designs based on Papalexandri's 
method can be seen in Figs.2 and 3 with simple and 
advanced capital costing structures, respectively. 

Table 1 shows that the TAC of the MINLP designs 
and the advanced pinch solutions are approximately the 
same. This is seen more clearly when the structures of 
these solutions are compared. The costs also become 
closer when rounding up the stage numbers of the 
MINLP solutions (to $322 000 and $226 000 
respectively). Table 1 also shows that Comeaux's 
method gives more expensive solutions. Hallale's 
design (see Fig.5.4 ofHaUale [7J) cannot be reproduced 
by using the insight-based NLP method of Comeaux. 
This is because the insight based superstructure for the 
example {see Fig.4.2 of Comeaux [8]) does not enclose 
the structure ofHallale's sohtion. In order to be able to 
find Hallale's solution, additional possible matches 
should be added to the superstructure generated using 
the principle of vertical mass transfer. Although the 
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Total annual cost: 
Operating cost: 
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203,414 USD 

Fig.2 MINLP solution ofHallale's example problem 5.1. The 
solution is obtained by Papalexandri' s method, using a simple 

capital cost correlation 

NLP-based design method is computationally simpler 
than the MINLP method, it lacks the advantages of the 
latter. Logical conditions for fixed costs, integer stage 
numbers, etc. cannot be handled in an NLP model. 

Because of the reasons outlined above, authors of 
this article decided to use Papalexandri's MINLP 
method for the synthesis of MENs. 

Three practical problems of using optimisation­
based design techniques for mass exchange network 

synthesis 

Generation of feasible iilitial solutions 

Global optimality for a given MINLP solution by 
GAMS/DICOPT (the outer approximation algorithm) is 
guaranteed when both the objective function and the 
feasibility region of the MINLP model are convex. The 
feasibility region of the MINLP problem is convex 
when all the equalities consist of linear functions and 
the inequalities consist of convex functions [12,11]. In 
most cases however, these conditions carmot be 
satisfied, or they can be satisfied only by 
oversimplifying the physico-chemical model of the 
design problem. For example, the MINLP or NLP 
models for MEN synthesis problems contain non-linear 
equality constraints (mass balances, phase equilibria), 
non-convex equations (e.g. the Kremser equation), as 
well as non-convex terms in the objective function (e.g. 

typical cost functions like cost = canst . (size r'' etc.). 
Non-linear equalities, non-convex inequalities and a 
non-convex objective function can be handled using 
convexifying techniques [18] or piecewise linearisation 
[9]. Using these techniques, many additional binary and 
continuous variables have to be included into the 
MINLP model, and this way the problem size increases 
steeply. In general we can state that non-convexity is an 
inherent property of rigorous MINLP models for 
process design. Though the MINLP solver 
GAMSJDICOPT ++ can handle nonconvexities to some 
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0.0013 0.00365 O.oiS 

~~~--~-----------------
0.533 . 
kg/s T-otal annual cost: 

Operating cost: 
221,357USD 
J56,5!4USD 

Fig.3 MINLP solution of Hallale' s example problem 5 .1. The 
capital cost of the network is calculated by the advanced 

capital costing method of Hallale and Fraser. Papalexandri's 
MINLP method is used 

extent, global optimality is not guaranteed for the 
solution [14]. 

In consequence of the above, solutions obtained 
from different initial values have to be compared to 
prevent the selection of poor local solutions as final 
designs. Once a feasible solution is found starting from 
a particular initial solution, several other feasible initial 
values can be generated, by changing the objective 
function of the original problem, or by adding artificial 
constraints. A solution featuring minimum MSA 
flowrates can, for example, be used as the initial 
solution for the original problem. Simple pinch 
solutions can also serve as initial solutions. If the 
problem is not severely non-convex, the initial feasible 
solution can be obtained from any nonzero set of irutial 
values for the variables in the model. 

Having several initial values on hand, the solution of 
the original NLP or MINLP problem is started from all 
of them, now using the original objective function. The 
best solution with the lowest total annual cost is selected 
as the final solution. Though this procedure involves the 
elements of a "trial and error" method, it performs well 
in the computational practice. Since there is no 
algorithm, which could deliver the globally optimal 
solution for a non-convex MINLP problem, this is a 
reasonable way of calculation when using commercially 
available MINLP solvers. 

The discontinuity problem of the Kremser equation 

Assuming linear phase equilibrium relations, capital 
investment calculations of the mass exchangers 
(absorbers, extractors) are most commonly based on. the 
Kremser equation [19], which gives the requt~ed 
number of equilibrium stages for a given separatiOn 
task. Depending on the value of the removal factor A. 
the Kremser equation for a given component z has two 
different forms. 

If A;t;l then 
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If A=l then 
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Y; -yt (3) 

In the formulas above y:• ,y;"1 denote the inlet and 

outlet concentrations of the ith rich stream, 

x~" ,x~"1 denote the inlet and outlet concentrations of the 

jth lean stream, and Li,G1denote the lean and rich flow 

rates. The equilibrium relation between the ith rich 
stream and the jth lean stream is given in the form of 

IJUI in b 
Y; =mixi + r 

The removal factors of the units are design variables 
when solving the MINLP synthesis problem. Because of 
this, the A values have to be able to vary freely between 
their possible bounds. The A value can be either greater, 
less or equal to the value 1. The theoretical number of 
stages as a function of the removal factor A have a 
removable discontinuity at A=l. In case of calculating 
the number of theoretical stages atA=1, Eq.(3) has to be 
used. Using only the first form of the Kremser equation 
(Eq.(l)) usually leads to a division by zero error or 
provides a solution that has no physical meaning. To be 
more precise, the solver sets as many A values to I as 
possible because at A=l the number of theoretical 
stages can be zero, independently from the 
concentrations (See Eq.(l)). Restricting the values of A 

, under or over 1 excludes the real optimal solution from 
the search space. No reasonable MENs can be expected 
from the MINLP method without solving this numerical 
difficulty. 

How the discontinuity of the Kremser equation can 
be handled when using commercially available MINLP 
solvers, is extensively discussed in onr previous papers 
{20,21]. 

When the MENS problem is formulated as a pure 
NLP problem, binary variables cannot be used for 
handling the discontinuity of the Kremser equation. For 
the pnre NLP case here we present a method [2"1, 
which is an approximation, still it can be used 
effectively. Eq.(4) for an of the mass exchangers can be 
introduced: 

A-1 =(A-l+e)·w (4) 

where A is the absorption factor of the mass exchange 
unit, and e is a sman positive number (eg. 0.001). The 
variable w rakes the value of zero when and is 
close to one when A:t:l. Then Eq.(S) is used in the 
model for choosing between the two stage numbers (See 
also Eqs.( 1) and (.3 }). 

Using this method, the total cost of the network must 
be recalculated after optimisation. Experience has 
shown that differences between the real and the 
approximated stage numbers are usually small. It has to 
be noted that Eq.(5) is a bilinear equality constraint, 
hence it renders the NLP problem nonconvex. 

An obvious solution for the Kremser discontinuity 
problem could be the introduction of Eq.(6), which 
prevents A from taking the value of unity: 

(6) 

Using this constraint only Eq.(l) should be used, 
when calculating the theoretical number of stages of the 
units. According to onr computational experience 
however, this method leads to severe numerical 
problems during the solution of the NLP, and therefore 
cannot be applied. 

Integer stage numbers 

The designer may often want to get solutions whereby 
the number of stages (N) are reported as integers. 
Buliding up the integer-values according to Eq.(7) 
requires the introduction of additional binary variables 
(z;) in the MINLP model. 

N = 2° · z1 + 21 
• z2 + 22 

• z3 + ... (7) 

When the expected number of stages for the exchangers 
in the superstrucnre is large, the additional binary 
variables may extend the MINLP problem size over the 
solvability limit. The same method however, can be 
used in a two-level optimisation approach. After 
obtaining the solution with non-integer stage numbers, a 
second optimisation can be carried out, where the 
structure of the network is now fixed to that of the first 
solution (with non integer stage numbers). In the second 
level only the operating parameters of the network and 
the stage numbers around the first solution are 
optimised. For example, if an exchanger in the first 
level optimum has 16.3 stages then in the second level 
Eq.(8) is introduced, allowing the number of stages of 
that particular unit to change between 15 and 18: 

(8) 

In this way fewer binary variables are needed. However, 
the two-level method fails to find the optimum when the 
rounding affects the optimal structure of the network. 

Solved MENS example problems 

In section two it has been shown that in spite of its 
difficulties, the MINLP method of Papalexandri [4] is 
stin better applicable than the NLP optimisation of 
Comeaux's insight based superstructure {8]. In section 
three some important practical problems of the 
optimisation based MENS have been identified, and 



Table 2 Comparison of our MINLP solutions and the 
advanced pinch solutions ofHallale [7]. CAP indicates that 
the network was optimised only for its capital cost at fixed 

lean stream flow rates (operating costs). Theoretical number of 
stages, hence capital costs are rounded up where staged 

vessels are used 

Exam le Objec~ve 
Pinch solution of 0 MINLP 100* 

p functiOn Nick Hallale ::Otution (CMINIYCPinch)/ 
Target I Design CMINLP 

3.1 CAP 830 000 I 860 000 I 044 285 +17.6% 
3.2 CAP 448 000 I 455 000 453 302 -0.4% 

3.3 CAP 819 0001751 000 637280 -17.8% 

3.4 CAP 591 760 1637 000 637000 0.0% 

4.1 CAP 296 000 1298 000 255 068 -16.8% 

5.1 'l'AC 226 000 1228 000 226 000 -0.9% 

5.2 TAC 226 000 I 228 000 226000 -0.9% 

5.3 TAC 226 000 1228 000 226 000 -0.9% 

5.4 TAC 49 000 I 49 000 50279 +25% 

5.5 TAC 524 000 I 526 000 527 000 +0.2% 

6.1 TAC 692 000 /706 000 720000 +1.9% 
6.2 TAC 28 000 128 000 32000 +12.5% 

6.3 CAP 591 0001539 000 536 000 -0.6% 

TAC- total annual cost in USD/yr, CAP- annualised capital 
cost in USD, C - cost 

solutions for these problems were presented, too. Now 
we are in position to solve MENS problems that had 
already been solved in literature using Pinch 
technology. In this section MINLP solutions for most of 
the MENS example problems of the thesis of Hallale [7] 
are presented. 

Our results are summarised in Table 2. The first 
column shows the reference number of the examples in 
Hallale's thesis. The second column of the table 
indicates the type of the objective function. Some of the 
pinch solutions are optimised only. for the capital cost of 
the exchangers at fixed mass separating agent (MSA) 
flow rates. The objective functions of these examples 
are indicated by CAP (capital cost), because the fixed 
MSA flow rates define the variable costs of the 
networks. The costs of the pinch targets and final 
designs are shown in column three, while the costs of 
our MINLP solutions can be found in the fourth one. 
Theoretical number of stages, hence capital costs are 
rounded up where staged vessels are used. Column five 
shows how many percents the cost of our MINLP 
solution is cheaper or more expensive than that of the 
pinch solution. 

Optimising for TAC, in most cases equally good 
solutions are obtained. Total annual costs of the MINLP 
and pinch solutions do not really differ from each other. 
In case of examples 5.1, 5.2, 5.3 the MINLP solutions, 
in case of examples 5.4, 5.5, 6.1 the pinch solutions 
prove to be a bit cheaper. The only exception is example 
6.2 where the advanced pinch solution is 12.5 % 
cheaper than the MINLP solution. The difference in this 
particular case can be accounted for the fact that the 
concentration range of this example extends over six 
orders of magnitude. The concentration variables cannot 
be scaled. Having great differences in the values of the 
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L; 
(kgls) 

3.097e-2
2

_
208 

kg/s 

6.154e-4 3.5e-3 0.225 
kg/s 

annual capital cost of tills MINLP design: 615 287USD 
when rounding up the stage numbers: 637280USD 

Fig A MINLP solution of Hallale' s example problem 3.3. 
Papalexandri's MINLP method and simple capital costing are 

used 

this MINLP design: 
N. Hallale~s solution: 

255,068 liSP 
298,000 USD 

Fig.5 MINLP solution of Hallale' s example problem 4.1. 
Papalexandri' s MINLP method and advanced capital costing 

are used. Mass exchangers are packed columns here 

model variables causes numerical difficulties for the 
MINLP solution algorithm. 

Optimising just for the annualised capital cost 
(CAP), usually better or equally good MINLP solutions 
are obtained. Out of the six examples, the MINLP and 
pinch solutions are almost the same in the cases of 
examples 3.2, 3.4, 6.3. MINLP solutions of examples 
3.3, 4.1 are significantly better (17.8 % and 16.8 % 
cheaper) than the corresponding pinch solutions, while 
in the case of example 3.1 the advanced pinch solution 
proved to be 17.6% cheaper. . 

Why the pinch solutions are not always reached wtth 
MINL.P can be accounted for the inherent nonconvexity 
of the problem. ThoJ;~gh in many cases solutions can be 
improved by starting the calculations from different 
initial values, it is not guaranteed at all that better 
(cheaper) solutions can always be found. A good 
illustration for this is the MINLP solution of example 
3.1. 

As our solutions show. the advanced pinch targeting 
method of HaUak~ and Fraser delivers a good estimate 
for the capital and total annual costs. Nevertheless, it 
has to be noted that the pinch targets are not rigorous, 
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since in the case of examples 3.3 and 4.1, using MINLP 
even the targeted costs could be surpassed in design. 
The MINLP solutions of examples 3.3 and 4.1 are 
shown in Figs.4 and 5 respectively. 

Based on the experience, obtained during the 
solution of the thirteen single component example 
problems we conclude that the time consuming, 
heuristic pinch design method can be replaced by the 
MINLP design concept. Nevertheless, knowing the 
drawbacks of the methods, it is advisable to consider 
both methodologies when solving a problem. 

Conclusions 

The MINLP design method of Papalexandri seems to be 
superior to the NLP optimisation of insight-based 
superstructures. It is shown that insight based 
supersructures constructed using the vertical mass 
tran,sfer principle may not enclose the optimal structure 
of the mass exchange network. The practical problems 
which were identified in optimisation-based MENS, 
namely generation of feasible initial solutions, 
discontinuity of the Kremser equation and integer stage 
numbers can effectively be handled, as described in 
Section 3. Based on the experience, obtained during the 
solution of thirteen single component example problems 
we conclude that the time consuming, heuristic pinch 
design method can be replaced by the MINLP design 
technique. 

This work has been supported by OTKA (Hung. Sci. 
Res. Fund) grants No. F035085, T030176 and T037191. 
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