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The work presents and discusses the basics of the population balance approach and multi-dimensional population balance
models for describing different aspects of solution crystallisation. A two dimensional model is presented for describing
evolution of needle-shape crystals characterised by two size dimensions in cooling crystallisation, and a two-population
model is developed for describing micromixing of solution, and its effects on the size distribution of crystals and their
aggregates in reaction crystallization. Moment equation reductions for joint moments of internal variables are developed
in both cases which are closed by means of cumulant neglect closure models. The properties and behaviour of
crystallization processes described by the models are investigated by simulation.
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Introduction

In Model-Driven Chemical Engineering which refers to
the systematic use of models as primary engineering
artefacts throughout the engineering lifecycle models
are considered as first class entities, and due to their
cognitive and methodological values serve as fundamental
tools of understanding, analysis, design, operation,
control and managing of real engineering processes and
processing systems. This technique states that any
specification should be expressed by models, which are
both human and machine understandable. The Department
of Process Engineering attempts to organize new efforts
in these directions by proposing a framework (1) to
clearly define methodologies, (2) to develop models at
any level of abstraction, and (3) to organize and
automate the testing and validation activities.

Models, depending on what they represent, can reside
at any level of abstraction, and can be restricted to
address only certain aspects of the system. Well defined,
adequate mathematical models usually are of great
predictive power and together with the corresponding
computer models have become efficient and useful aspects
of engineering, especially treating complex engineering
processes and processing systems. In chemical and
process engineering such complex systems are, among
others, those multiphase processes in which at least one
of the phases take part in dispersed state, i.e. in form of
solid particles, liquid drops or gas bubbles. These
systems can not be modelled adequately by means of
the classical state variables only since the characteristic
properties of the dispersed elements, among others their
size, size distribution, habit, shape, structure, or
configuration in continuous phase, have to be taken into

consideration as well. For these reasons, population
balance models in which population balance equations
describe the properties and behaviour of dispersed
elements, appear to be adequate mathematical models of
disperse systems.

In chemical engineering, Hulburt and Katz [1]
formulated the population balance equation using the
ideas of statistical mechanics, while Randolph and Larson
[2] based their formulation on continuous mechanics
aiming to describe crystallization processes. These
formulations have found a lot of applications in modelling
particulate systems [2-5], systems containing liquid drops
[6-8], as well as gas bubbles [9]. Ramkrishna [10]
presented an excellent state of the art of this research
field.

While taking part in technological processes disperse
elements interact intensively with the continuous phases,
and also with the counterparts of the dispersed one. As
regards the dispersed phase, here two types of
interactions can be distinguished: 1) interactions causing
changes of the dispersed elements themselves, and
2) interactions inducing changes of entities carried by the
dispersed elements. Continuous growth and shrinkage,
breakage and aggregation-agglomeration or coalescence
of dispersed elements can be mentioned in the first
group, while exchange of momentum, mass exchange of
chemical species, exchange of heat and electrical charge
may be included into the second group. In effective
modelling of disperse systems, these interactions and
processes induced by those should to be taken into
consideration.

When modelling solid dispersed phase, i.e. particulate
systems, in most part only those inter-particle interactions
have been accounted for which cause changes of the
particles themselves, i.e. their breakage, aggregation
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and agglomeration. Recently, developing a new, Markov
process-based formulation of the population balance
equation [11, 12], direct inter-particle heat exchange
processes [13-16] and, mostly for modelling direct
interactions between fluid particles, also mass exchange
processes [17-20] have been included into the population
balance models, extending in this way the range of
effect of the population balance modelling approach.

The aim of the present work is to present and discuss
the basics of the population balance approach and multi-
dimensional population balance models for describing
different aspects of crystallisation from solution. A two
dimensional model is developed for describing evolution
of needle-form crystals characterised by two size
dimensions in cooling crystallisation, and a two-
population model is presented for describing the mixing
effects of solution on the size distribution of crystals
and their aggregates in reaction crystallization. Moment
equation reductions for joint moments of internal
variables are developed in both cases which, when the
sets of equations are unclosed, are closed by means of
cumulant neglect closure models. The properties and
behaviour of the systems described by the models are
investigated by simulation.

Two-dimensional population balance models

Population balance model of a cooling crystallizer for
needle-shaped crystals

For describing crystallization from solution, which is a
widely used cleaning, separation and particle producing
technique in the chemical, petrochemical and
pharmaceutical industry, population balance models
have been proved adequate modelling tools. In this
enormously important unit operation, the crystal
population is the main product thus the goal of operating
crystallizers is to produce crystals of prescribed form,
habit, size, and size distribution. The task of describing
this process is to predict the properties and behaviour of
the whole crystal population from the behaviour of
single crystals interacting with the solution and crystals
environment. The population is modelled by the density
of suitable chosen variables as models of crystals’
characteristic properties variation of which is described
by the population balance equation.

Most of the modelling studies of crystallisation use
one-dimensional characterisation of crystals. However,
crystalline particles often, especially in the pharmaceutical
industry, exhibit much more complex habit, as it is
illustrated in Fig. I. Crystals in Fig. 1b and lc can be
described adequately only by multi-dimensional models,
characterising the crystal and crystal growth separately
for the main crystallographic faces.

Here we consider needle-shaped crystals, produced
in a cooling crystallizer shown schematically in Fig. 2.
Such needle-shaped crystals can be characterised by
two size dimensions L, and L,, while the crystal

population is described by the population density
function n(., ., £) by means of which n(L,, L,, f)dL,dL,
expresses the number of crystals from the size domain
(Lla L1 + dLl) X (Lz, L2 + dLQ) in a unit volume of
suspension at time 7.

Since the volume of crystals is an important property
a volumetric shape factor &y is also defined by means of
which the crystal volume can be expressed using only
these two size dimensions even in case of different
shapes as it is shown in Fig. lc.
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Figure 1: Three different crystal systems

LD 4 vioo
~—T\

Feed T
2k t . Ghs L
4 Cins L | [ e—
Cs‘v,inaTin -3 ..', Cooling
- = = { water out
9%
3
X % 0.
Cooling o . q’;’ Cov
water in ¢ b/ > 1
(J \o' RIH : & ¢
qns Thin Product

Figure 2: Continuous cooling crystallizer

Let us now assume that:

- the working volume of the crystallizer is constant;

- all new crystals are formed at a nominal size L; , =
L, ,=L,>0, so that we can assume: L, = 0;

- crystal breakage and agglomeration are negligible;

- the overall linear growth rates of the two habit faces
G, and G, are size independent, and have the form
of power law expressions:

Gy = kg(c — ¢y )]
and
G, = kplc — ¢ )

- the primary nucleation rate B, is described by
Volmer’s model
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where ¢ is the voidage of suspension, expressed as

et) =1 —ky i 2(1) “4)

and y,, , is one of the third order joint moments of
the crystal sizes L; and L.

Here, the joint moments of variables L; and L, are
defined as

My (1) = “‘L{CL?”(LDLzJ)dleLz (5)
00

k,m=0,1,23,...

while the volume of crystals is expressed by means of
the moment y, 5 as

Volt) = ky 5 () = ky [ LL3n(Ly, Ly, 0)dLydL, (6)
0

- the secondary nucleation rate B, is described by the
power law relation

B, =k, (C —C )b ﬂl{z (7N

In the kinetic expressions (1)-(3) and (7) coefficients
k1, kg2, k, and k, and are functions of the temperature,
expressed as

E
k =kgexpl ——~ | i=g,,2,,p,b 8
1 10 p( RT) 81-82,P ()

Under such assumptions the population balance
model of the crystallizer consists of the following balance
equations.

The population balance equation governing the crystal
size dynamics becomes

G G _a, )
a a, a, vV )
0<L; <o, i=L2 ¢t>0

subject to the initial and boundary conditions:

I’l(L, 0) = nO(L)7 L> Ln (loa)
lim G(c,c,, L)n(L,t)=e,B,+e,B;,, 120 (10b)
L—>L,
lim n(L,t)=0, t>0 (10c)
Lo

where e, and e, are binary existence variables of the
nucleation rates, by means of which the alternative
variations of nucleation can be controlled. Naturally we
have the constraint

e, te,>1

(11

Mass balance of solvent:

dleey) _a,

i Co — EC 12
dt V m=svin SV) ( )
with the initial condition ¢,,(0) = cq,y0.
The mass balance equation of solute:
dlec+(1-¢
deet0=opd _ar, . L (1-g)p.]-
dt vV (13)

—%mWa—wm]

subject to the initial condition ¢(0) = .
The energy balance equation for the crystal suspension
takes form

dle(Cye, +CO+(1-8)Cop T _

dt
=-Ua(T -T,)+(-4H )R, +

(14)
+ %[‘E‘in (Cccin + Csvcsvin) + (1 - gin )Ccpc ]T;n

9 1e(Coe+C,e

T CAHOR. wCo) +(1=8)C.p 1T

subject to the initial condition 7(0) = T,. Here, R,
denotes the global rate of production of crystal mass in
a unit volume of suspension.

Energy balance for the cooling medium:

d(chphT) — Chph ﬂ(Thin _Th)+ Ua V(T—Th)
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subject to the initial condition 73,(0) = Tj.
The dependence of saturation concentration on the
temperature is described by the expression:

c(D=ag+a T+ a, T (16)

Often, it is useful to complete the set of balance
equations (9)-(15) by the equation for the equilibrium
saturation concentration given as
dc, dcg ﬂ B

dt dT dt

dT
(&) +2a,T) " (17)
subject to the initial condition c(To) = ag + a1 Ty + a,T, o2
Therefore, the state of the crystallizer is given by the
quintuple [c(2),c.(2),T(2), T)(f),n(.,f)], and its dynamics is
described by the population balance model formed by
the mixed set of partial and ordinary differential
equations (9)-(15). The time evolution of this system
occurs in the state space R*xN that is the Descartes
product of the vector space R* of concentrations and
temperatures, as well as the function space N of
population density functions. In the present study, we
concentrate on a reduced case, approximating the
distributed parameter system of Eqs (9)-(15) by a finite-
dimensional state space model using the six leading
joint moments of crystal sizes.
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Moment equation reduction and scaling

The moment equation reduction of the population
balance model (9)-(15) can be written for the joint
moments of crystal sizes (5) by means of which the
mean values of sizes are given as

,Ulo(f) #01()
LV = 2L -
< 1>(t) ﬂo,o(f) < >( )= Ho (1)

(18)

The infinite hierarchy of the moment equations
corresponding to Eq. (9) takes the following form

ditgy g
— == = +e B, +e B 19
dt vV (:u0,0,ln :u0,0) pop b"b ( )
dﬂk m
dl" = %(/’lk,m,in - /uk,m )+ kGl/uk—l,m + (20)
+mGypy ey > k,m=123...

This infinite set of equations can be closed at any
order but natural closing occurs at the third order joint
moment ,_, since, because of Eq. (6), this moment is
required for the mass balance of solute (13). To do that
equations for moments oo H10 Mo1 Moz M1 are also
required.

Since the system of moment equations often become
stiff it is advisable to perform scaling that by defining
useful scale parameters and dimensionless scaled variables
to allow controlling conditioning of the system.

Introducing the scale parameters

51,2 = ky, S0,2 = kyyn, S1,1 = 2kyys,
= 2le//21//2
1/T;, and s,

S1,0 = S1,1¥2 = 2le//21//2, S0,1 = S1,1¥1
o= 2ky yayyn, .= 1/cy, s7=
where y; =k, 0STSE sy = ke, PORORER
the dimensionless scaled variables
Xiom =Sk mte ms Ko m=0,1,2,3, 5, =5.Cyy,

z=srl,zp=s7Th =5,

Y= 8cC, Vs T ScCss

and scaled parameters

A= LS, ?Dap = 2kap0St_1l//1l//22 5

y o1 - Es
D, = 2k11/ kpos; lscb‘//ﬂ//zz’ B, = L

,1=p,b,g
K= cha y =L (~AH,)
StCh Gy
s.a
by =5,y by =221 b, = 2
ST ST

the closed set of moment equations takes the form

de’O l ( )
==X0,0in —X0,0)+€,0, +€,0,

g ¢

ey

deg 1
dé ?(XIOM x1,0)+@ X0,0 (22)
dxg; 1
dé ?(xom x0,1)+@ X0,0 (23)
dx;; 1
d_é ?(xllm x11)+@g1x01+@ X1,0 (24)
dxg, 1
26 = F o2 —x0a )+ 00, s)
dx 1
i g( L2~ 0+ (26)
d 1 I-x in a—
E e VT I C L) 1 27)
& & (-x) (1-x3)
dys 1 (1_x31'n) Vv
Y= L= v 28
df §(I_x3))(ysv,m ysv) (1 .X'3) 1,2 ( )
dZ 1 ¢in ay
P o1/ B (R T +Ly 29
dgg é: ¢(Zm ) ¢(Z Zh) ¢ 1,2 ( )
dzh
in % (Z_Z ) (30)
dé fh(h ) Valy !
subject to the initial conditions
xk, m(O) :xk, m0s kr m= 030; 071; 130; 171; 032; 172
ysv(o) = Vsvo0, J’(O) =)o, Z(O) = 2o, Zh(o) = Zpo.
In Eqs (21-30)
5”1,2(x0,2ax1,1) O, X5 + O, X1 3D
C, C, C,
p=- xlz{c +C—yJ+C—axl,z (32)
h h h
C, C. C,
(éin:(l_xl,Z,in{C Ysv,in C_Lyin\J_'_C_wcl,Z,in (33)
h h h
O, =(y-y exp(—%}ml,z (34)
ke )4
O, =D,,(1-x;)exp| — exp| i 35)
In [yj
Vs
and
O, =D, (y-y,)x! b 36
b ab\Y — Vs) X3 €Xp 2 (36)

According to Eq. (17), the set of Eqs (21-30) can be
completed using the equation describing the variation of
the dimensionless saturation concentration
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;:; = (b, + 2bzz{;¢;’;(zm —z)—%(z _Zh)} *

+ (bl + 2b22)% s (xo,z > X1 )

(37

Note that when L, = L, = L, we can Write fy,, = lyms
k,m=0,1, 2,3, ..., and the set of equations (20)-(30)
reduces to the one dimensional moment equation model
of cooling crystallizers.

Simulation results and discussion

The system of ODEs (21)-(30) was solved in MATLAB
environment using the process and kinetic parameters
presented in Table 1. Kinetic parameters were chosen
followed the works by Ma et al. [27] and Briesen [28].
Simulation runs have been carried out to investigate the
influence of nucleation on the crystal shape under the
same crystal growth and operation conditions.

Table 1: Process and kinetic parameters used in
simulation of cooling crystallizer

V=10m’ | k,=1610" g =148
gin=10"m’s" k,=2.1 E,=9.0-10*
¢in=350kg m’|E, = 5.0-10" mol | k,; = 12.2:10°ms™

T;,=90°C | ky=1.0-10"° =175

T, =20°C b=3.0 ke =10.08:10" ms™

j=15
ay=0.2087 | a,=-9.76:10" | a,=-9.30-10"

Fig. 3 presents the effects of parameter &, of primary
nucleation on the steady state mean size values (L) and
(Ly). The crystallizer produced practically the same
mass of crystals in each run, i.e. about 90 kg m™ of
suspension.
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Figure 3: Effects of parameter &, of primary nucleation
on the steady state mean size of the crystallographic
faces
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Significantly different diagrams were obtained when
secondary nucleation was the dominant crystal producing
process. As it is shown in Fig. 4, in this case crystals
were able to achieve size about 1 mm in length while
producing almost the same amount of crystalline mass
as in the case of primary nucleation. Naturally, the
differences between the numbers of crystals took some
orders of magnitude.

The operation mode used in simulation assured good
cooling conditions as it is illustrated in Figs 5 and 6.
Projections of trajectories of crystallizer into the 3-D

X 10° (L) (L)

1.2 T T T T T T

2 25 3 35 4 45 5

Figure 4: Effects of parameter b of secondary
nucleation on the steady state mean size of the
crystallographic faces

T—c—uy subspace are presented in Fig. 5 for primary
nucleation and in Fig. 6 for secondary one. It is seen
well that the transients differ significantly depending on
the nature of nucleation.

Figure 5: Trajectories of the crystallizer in the 3-D T-c-
o, o subspace in the case of primary nucleation
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Figure 6: Trajectories of the crystallizer in the 3-D T-c-
oo subspace in the case of secondary nucleation

Two population models

Generalized coalescence/redispersion model for
micromixing

The physical phenomena occurring in solution crystallizers
are very complex, involving the interactions between
large-scale fluid mixing, fine-scale micromixing and
complex crystallization kinetics as well as, in reaction
crystallizers, chemical reaction kinetics. The macroscopic
models of the fluid elements adequately describe
macromixing but a quantitative description of the
influence of micromixing presents a more challenging
problem.

Most of the works dealing with the influence of
micromixing on crystallisation processes was focused on
reaction precipitation [21-24]. In crystallisation, however,
fine-scale fluid mixing may also affect the crystal size
distribution because of the mixing of fresh feed stream
with the bulk solution of crystallizer. Then, direct
interactions between the supersaturation inhomogeneities
coupled with highly nonlinear nucleation and crystal
growth kinetics may influence the process significantly,
as it was demonstrated by means of a probability density
function model [25], and, recently, by developing two-
population models with the usage of coalescence-
redispersion micromixing closures [17-19,26]. Here, an
improved two-population model is presented in which the
generalised coalescence-redispersion micromixing model
[20] is utilized for describing micromixing of solution.

Ml_[p]z_Mij[Lgcl( HMHk

o xxo k=1 Pk Dy

Sl (L, |2

0 X X0 k=1 2 Dy

Here, w; € [0,1] is a random parameter with
distribution function F,,, characterizing the exchange
process of the k’h, k = a, b, c component of ¢ between
the fluid elements, while S, stands for the frequency of
binary collisions. When F,, = 1(®y), i.e. the mean value

J - '}Fw (dw)p(c',t) p(c",t)dc'de" +

+¢y 'j —cy '}Fw (do)p(c',t) p(c",t)dc'dc"

Let us now assume the in a continuous crystallizer
the supersaturation is generated by a chemical reaction

according to the scheme A+B—*—>C7T. Further, we
assume that the fluid phase in the crystallizer can be
visualised as consisting of a large number of fluid ele
ments in which concentrations and supersaturation can be
treated as deterministic quantities. The fluid elements,
moving stochastically in the crystallizer, interact
intensively with the counterparts and the existing crystals.
Fluid elements exhibiting different concentrations of
species 4, B and C change some amounts of mass
between each other during their coalescence-redispersion
interactions, inducing in this way equalization of
concentration differences.

The population of fluid elements is characterised by
the density function p(.,.), where p(c, f)dc expresses the
number of fluid elements having concentration in
domain (c, ctdc) in a unit volume of suspension at time
t. Here, ¢ = (c,, cp, c.) denotes the concentration vector
of species A, B and C. The density function p(.,.)
describes, in essence, the distribution of concentrations
of species in the fluid elements so that the average
concentration observable on macrolevel is expressed as

cm

AOE ) j ¢, p(e,t)de, k =a,b,c (38)
0 o
where
7o(t) = | ple.n)de (39)
0

provides the total number of fluid elements in a unit
volume of suspension. In Eq. (38) expression

Prob () = I;L(’tt))dc
0

is interpreted as the probability of there exists a fluid
element having concentration in domain (¢, ¢tdc) in a
unit volume of suspension at time ¢.

In the crystallizer, between the stochastically moving
fluid elements and crystals the following interactions
are assumed to occur: 1) fluid-fluid element, 2) fluid
element-crystal, 3) crystal-crystal interactions.

Interactions between the fluid elements are manifest
as micromixing of solution that is described by the
generalized coalescence-redispersion model [20]:

(40)

(41)

of wy is zero, then no mixing of the k" species occurs on
microlevel, but Fo, = 1(w; — 1), i.e. the mean value of
. equals 1, denotes maximal micromixing under the
given macrolevel conditions.



As a consequence, beside the crystal population the
solution in crystallizer is treated as a second population
of the fluid elements, forming in this way a two-
population system of interacting populations of two
different dispersed elements.

Crystallization kinetics of under non-perfect
micromixing conditions

In the crystallizer, simultaneously with the chemical
reaction of species 4 and B producing the precipitating
species C, nucleation of crystals and their subsequent
growth occur, due to the direct fluid element-fluid
element and fluid element-crystal interactions, whilst
the possible crystal-crystal collision interactions may
induce also aggregation of crystals.

Under such conditions, it seems to be better to
characterise crystals on the volume coordinate v, and
the population of crystals by the population density
function n(., ) by means of which n(v, f)dv expresses
the number of crystals from the crystal volume interval
(v, v+dv) in a unit volume of suspension at time 7. As a
consequence, now the motion of the two populations occur
in a four-dimensional space of internal properties from
which the first one is the volume coordinate of crystals,
while the remaining three internal properties are formed
by the concentration coordinates of fluid elements.

(4

1 m
B Yt)=——
<a>() ./10”0{

1
+

Two-population model of reaction crystallization

If the reaction crystallizer 1) is operated under isothermal
conditions, 2) the frequency of coalescence-redispersion

0
P gj 3 +Z[ ap<c r>]+—[Rbp(c ol o
colp(c t)+ col )J;)J;I';g C()k

In Eq. (45), expression (R) represents the rate of
decrease of concentration of solute in a fluid element due
to crystallization which, because of the rate expressions
(42) and (43), can be expressed as an average over all
crystals being in its environment:

i s U

jSeﬁ- (cc ,Cy )Sa (v, V'—v, g)n(v, Hn(v'=v,t)dv'p(c,t)dc +
0

K—z(ck ') Cr 'j—ck'}Fw(dw)p(c’,t)p(c",t)dc’dc"
Wy
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Assuming that
- all new crystals are formed with a nominal volume
v,=0andv,>0,
then the kinetic expressions for nucleation, growth and
aggregation of crystals are as follows.

Primary nucleation is considered as a result of fluid
element interactions while secondary nucleation is a
result of those between the fluid elements and crystals.
If the intrinsic rate of nucleation is given by expression
B/(c,, c;, v) its macrolevel rate is expressed as

0 Cypy

[]Blecc.

”oﬂo v, 0

(42)
x p(e,t)n(v,t)dedv, 1= p,b

In similar way, since crystals moving stochastically in
the vessel are surrounded and suffer contacts with fluid
elements of different composition, the macrolevel crystal
growth rate is also expressed as

< > (G >()——IG(CC, ¢, v)ple,t)de (43)

Finally, the rate of aggregation of crystals by means
of the frequency of collisions and the aggregation
efficiency is given as

(44)

S {!Seff (cc ,Cy )Sa (v - v',v',g)n(v v, Hn(v',t)dv' p(c,t)de

events is constant, and 3) the reaction between species
A and B is quasi-linear the rate of which is given as
R, = —kc.cp, R. = kc,cp, then the population balance
equation for the fluid elements takes the form

[k~ (®)pien]- i[—pm(c,r)—p(c,t)}

(45)

Boundary conditions for concentration variables
specify closed system along the concentration coordinates
except the input where any combination of feasible
conconcentration values can appear in the inlet density
function. This means that for any k € {a, b, ¢} and any
values of the remaining concentration variables
=0 and Ry (c)p(c.t), . =0.

Ch=Chm

The second population balance equation of the model
describes the crystals is formulated here as
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m@»;ﬁwav
0? 17

ch

IS Vv, v)S e// L n(v', 1) p(e,)dv'de +
2#0

The boundary and initial conditions to Eq. (47) can
be written, respectively, as follows:

lim (G)(t,v)n(v,)=0 and lim n(v,t)=0 (48)
and
p(e, 0) = po(c) and n(v, 0) = no(v) (49)

Writing Eq. (47) it was assumed that the volume v,
of nuclei is small but v, > 0, thus the nucleation rate
here arises in Eq. (47) as a source term inside the
support interval [0, o) of crystal volumes. The second
consequence of this assumption is the first of the
boundary conditions (48).

a7z-m,1,n (t)
ot

q
- -S|« t)—
% m,l,n( ) a)l[ m,l,n( )

70,0,0 k=0 =0 i=0

where the coefficients of micromixing terms are
expressed as

Qi = I ('")[1 ) )i[&jmmwwﬂ (52a)
’ 0 ] 2 2 s
i1 ( w, jj[a)b Jlj
bo={(t]1-2| %) F,, (doy) (52b)
s {(1) 2 )2 A
| ‘ (1 a)c )k( a)c jn_kF
iom — A N a)c(d C) (520)
B { (k) AW 160

Eqgs (51) and (52) show that the micromixing terms
are always closed so that the joint moment equations
may be unclosed only due to the reaction terms as it
seen in Eq. (51). As a consequence, the mean values of
concentrations (38) are written as 7 o, o/, 7o, 1, 0/7p and
7o, 0, /7.

The second part of the moment equation reduction
of the two-population model of reaction crystallizer is
based on the moments of the crystal volume, given as

yk(t): jvkn(v,t)dv k=0,L2.. (53)

Assuming now hat aggregation of crystals is
characterised by sum kernel in which the efficiency is
equal 1, then

AR T 0, (O UG T, () =1k T, () + n<R>(t)7Tm,l,n—l )= v

n | m
z Zzai,mbj,lck,nﬂi,j,k (t)ﬂ-m—i,lfj,nfk (0}3 m:la n= 031:2

M) -l B0, -

(47)

CJ.JV- (=, 9/7( e, n(v=v',0)n(v,¢)p(e,0)dv'de
o

Moment equation model

The two-population model of the reaction crystallizer is
formed by the population balance equations (45) and
(47), respectively, for the fluid elements and crystals.
Eq. (45), however, is a three-dimensional equation by
itself so that a moment equation reduction requires the
joint moments of concentrations, defined as

g (£) = jc;?c;,c;? ple,tyde, miln=012...  (50)
0

The infinite hierarchy of the moment equations
corresponding to Eq. (45) takes the form

g.
9 Zin m,l,n,in (t) -

¢ (51)

Sa(vn V')S(.ff/"(cca cs) = Sa'(V + V') (54)

and the resulting hierarchy of moment equations takes
the form
au,(t
%()—MGM“ Hlotein = 0]+(8)
_s, M (0)+ 1. )ul()
#0( )

S f—’”‘(kﬂ]
+2a o)y \t), k=0,12...
2;10(1‘) = j j() k+1 j()

Note that the zero order moment of the set (53)
provides the total number of crystals, the first order
moment expresses the total volume of crystals in a unit
volume of suspension, while the second order one
makes possible of predicting the dispersion of the
crystal population. In this case the first three moments
seem to be sufficient to characterise the crystal
population. As a consequence, taking into account Eq.
(51), the order of moment equations necessary to have a
closed system depends on the kinetics of nucleation and
crystal growth. For studying the properties and
behaviour of the system a second order moment
equation reduction is used in simulation.

(t)vﬂ
(55)




Simulation results and discussion

Applying the power law forms of kinetic expressions,
we assume that the exponents are: g=1, b=2 and j=1.
Then

(800 2 e

k=0

(56)

i.e. nucleation describes also the possible dependence
on the crystalline magma. As regards the crystal growth
we have

(602 S J Vel

(57)
7o\ 20 J
while the expressions are give nin Eq. (55).
Since the support of random parameters @y is the
compact interval [0,1] the micromixing parameters is
characterised by the beta distribution

1
Jo, (@) =1 P(p.q)

0, if0<w, andif @, 21
k=a b c (58)

including the limiting degenerate distributions given by
Dirac-delta density functions as well.

Note that, since we focus our attention on the effects
of micromixing, in the model (47) crystals and
agglomerates are treated as similar particles what is, in
principle, a simplification.

The mixing state of the feed consisting of species A
and B can also be described by the beta distribution. We
assume that the feed contains also species C having
uniform concentration ¢ ;,, = ¢; where ¢, denotes the
solubility of C. If species 4 and B in the feed are totally
segregated with concentrations c¢,; and c¢;; and
volumetric ratio ¢, then the inlet population density
function takes the form

pin (Ca H cb H cc H t) = ¢7Z'o iné‘(ca - Ca in )6((3[) )6(6.(: - C(r in )+
: : )T (59)
+ (1 - ¢)7[0,in 5(641 )5(6b - Cb,in )5(68 - cc,in )

so that the inlet joint moments are given as

ol (1-a)"if 0< oy <1

71,0,0,in — 7o, fn¢Ca, ins

7[0’ 1,0,in = (1 - ¢)7[0, incb, in

_ 2
70,0, 1,in = 0, inCe,in> 72,000 = Foin¥PCain

2 2
70,2,0,in = Toin (1 - ¢)Ch,in > 70,0,2,in = 70,inCe,in
7[1, 1,0,in = 09 77:1, 0,1,in = 7[0, in¢ca, inCe,in
o, 1,1,in — (1 - @77:0, incb, in cc, in-

The system of ODEs of the second order model
equation reduction was solved in MATLAB environment
using the process and kinetic parameters presented in
Table 2. Simulation runs have been carried out to
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investigate the influence of micromixing and the
interactions of micromixing and chemical reaction on
the properties of crystal population produced.

Table 2: Process and kinetic parameters used in
simulation of reaction crystallizer

i=10s ky=1.0-10°
S,,=10s" k=5.0-10"
¢45,=2.2 mol dm” p=1500 g dm”
C5,=2.2 mol dm™ 2=1.0
¢c»=0.5 mol dm™ b=2.0
¢,~0.1mol dm™ J=1.0
S=10°s" k=4.0 10" mol dm” s
v=1.0-10" v,=1.0-10"

Effects of micromixing on the number of particles
and the total mass produced in the crystallizer for three
different reaction rates are presented in Figs 7 and §.
Here, the mixing state on microlevel is characterised by
the expected values of parameters w,, @, and w. defined
as

1
My, = [0 f (@)doy, k=a,b,c (60)
0

Increasing rate of mixing on microlevel induces
increased number of particles, crystals and aggregates,
but at the same time the amount of solid mass is also
increased. Under such circumstances the mean size of
particles becomes 10°-10 m of orders of magnitude.

The diagrams in Figs 7 and 8 indicate also that the
sensitivity of variation is increased with increasing rate
of the chemical reaction. Indeed, these trends are
justified by Figs 9 and 10 showing variations of the
number of particles, as well as of the total volume of
solid phase as a function of the rate of chemical reaction
at different levels of micromixing. In these simulation
runs the expected values of the micromixing parameters
were constant m,, = me,, = m,_ = 0.5.

&
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Figure 7: Influence of the expected value of

micromixing parameters on the
number of particles produced
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Figure 8: Influence of the expected value of
micromixing parameters on the
mass of particles produced
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Figure 9: Influence of the rate of chemical reaction on
the number of particles produced

Figs 9 and 10 show that interactions between the
chemical reaction and micromixing appear to be
significant in the interval k. € [107, 10*]. When &, > 10?
then micromixing is the rate limiting process while in
the case of k. < 10? the chemical reaction turns to be the
rate limiting process.

Conclusions

The population balance approach provides a good
framework for modelling crystallization systems. In
extended form [12, 15, 20], it takes into consideration
not only changes of the particles themselves, i.e.
nucleation, growth, breakage and aggregation, but also
changes of different entities carried by the particles, i.e.
mass of chemical species and heat, induced by direct
interparticle interactions. This extension often requires
formulating multi-dimensional population balance
models, and allows to model also interactive multi-
populations involving different kinds of disperse
elements.
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Figure 10: Influence of the rate of chemical reaction on
the mass of particles produced

The method of moments that seems to be an
adventageous tool of handling one-dimensional population
balance models can be applied also for multi-dimensional
models defining the joint moments of variables describing
simultaneously more internal properties of the dispersed
elements.

For the sake of illustration, a two-dimensional model
was presented for describing a cooling crystallizer
producing needle-shape crystals, and a two-population
model was developed for describing micromixing of
solution in reaction crystallisation. In the latter case, the
population balance equation of fluid elements turned to
be three-dimensional by itself. The second order moment
equation reductions for joint moments of internal
variables, which were closed by means of cumulant
neglect closures, proved to be very useful in handling
the rather complex models.

NOTATION

(¢)  mean (macrolevel) concentration, kg/m’
mean crystal growth rate, m/s
(L)  mean crystal size, m

(B)  mean nucleation rate, no/m’s

f mean residence time, s

a heat transfer surface in a unit volume of suspension
ax coefficients of solubility (k= 0,1,2)

b exponent of nucleation rate

B nucleation rate, no/m’h

c concentration, kg/m3, kmol/m’

D,,  dimensionless parameter for secondary

D,, dimensionless parameter for primary nucleation
G crystal growth rate, m/s

g exponent of crystal growth rate

Jj exponent of nucleation rate

kp coefficient of nucleation rate, (no/m’s)-(m*/kg)™
k, coefficient of crystal growth rate, (m/s)-(m*/kg)*
k, reaction rate coefficient, I/mol s

ky volumetric shape factor

L crystal size, m

n population density function of crystals nucleation



p population density function of fluid elements

R rate of chemical reaction, kmol/m’s

s scale factor

U heat transfer coefficient, W/m’K

T temperature, C, K

t time, s

vV volume, m®

vy volume of fluid elements, m’

X dimensionless moments

y dimensionless concentration

GREEK LETTERS

o dimensionless parameter

p density of crystals [kgm™]

7 dimensionless nucleation rate

¢ dimensionless time

e void fraction

tmi  (m,k)™ joint moment of crystal sizes

Tmp M, k)th joint moment of concntrations

INDICES

a,b,c chemical species 4,B,C

b secondary nucleation

in input

out  output

p primary nucleation

s equilibrium saturation concentration
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